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Abstract. In this paper algorithms for model checking CSL (contin uous
stochastic logic) against in�nite-state contin uous-time Mark ov chains of
so-calledquasi birth-death type are developed. In doing sowe extend the
applicabilit y of CSL model checking beyond the recently proposed case
for �nite-state contin uous-time Mark ov chains, to an important class
of in�nite-state Mark ov chains. We present syntax and semantics for
CSL and develop e�cien t model checking algorithms for the steady-state
operator and the time-b ounded next and until operator. For the former,
we rely on the so-called matrix-geometric solution of the steady-state
probabilities of the in�nite-state Mark ov chain. For the time-b ounded
until operator we develop a new algorithm for the transient analysis of
in�nite-state Mark ov chains, thereby exploiting the quasi birth-death
structure. A casestudy shows the feasibilit y of our approach.

1 In tro duction

Continuous-time Markov chains are a widely spreadmodeling formalism for per-
formanceand dependability evaluation of computer and communication systems.
Recently , various researchershave adopted CTMCs as \sto chastic extension" of
�nite-state automata and haveproposednew logicsto expressquantitativ e prop-
erties for them. Most notably is the work on CSL for CTMCs [2,4] asstochastic
extension of CTL, and the work on CSRL for Markov reward models (CTMCs
enhancedwith a state reward) [3]. E�cien t computational algorithms have been
developed for checking these models against formally speci�ed properties ex-
pressedin theselogics, cf. [3,4], as well as supporting tools, cf. PRISM [13] and
ETMC 2 [11].

All of the above work, however, has focusedon �nite -state models. In this
paper we will extend model checking CSL towards in�nite -state CTMCs. It is
then possibleto assessin�nite-state systems,or to approximate the behavior of
very large-but-�nite systems.The analysis of general in�nite-state CTMCs is,
however, beyond reach. Therefore, we restrict the classof in�nite-state CTMCs
to the class of so-called quasi birth-death models (QBDs) [16], for which, de-
spite their in�nite state space,e�cien t algorithms exist to compute steady-state
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probabilities. As we will seein the courseof the paper, we also require the tran-
sient, i.e., time-dependent, analysis of the in�nite-state QBDs; we develop new
algorithms for that purposein this paper as well.

The paper is further organizedas follows. We intro duce labeled in�nite-state
CTMCs, and QBDs in particular, in Section 2. We then describe syntax and
semantics of CSL in Section 3. Section 4 addressesin detail the model checking
algorithms for the CSL operators. The feasibility of the approach is illustrated
in Section 5 with a small casestudy, and the paper is concludedin Section 6.

2 In�nite-state CTMCs

For a �xed set of AP of atomic propositions a labeled in�nite-state CTMC is
de�ned as follows:

De�nition 1. A labeled in�nite-state CTMC M is a tuple (S;Q; L ) with
an in�nite countableset of statesS, a square generator matrix 1 Q : S � S ! R,
and labeling function L : S ! 2AP .

The value Q(i; j ) � 0, for i 6= j , equalsthe rate at which a transition from state
i to state j occurs in the CTMC, whereasQ(i; i ) denotesthe negative sum of
the o�-diagonal entries in the same row of Q; its value represents the rate of
leaving state i (in the senseof an exponentially distributed residencetime). The
labeling function L assignsto each state the set of valid atomic propositions in
that state.

A special caseof in�nite-state CTMCs are CTMCs with quasi birth-death
structure [16]. Informally speaking, the in�nite state spaceof a QBD can be
viewed as a two-dimensionalstrip, which is �nite in one dimension and in�nite
in the other. Furthermore, the states in this strip can be grouped in so-called
levels, according to their value or identit y in the in�nite dimension. Thus, the
state spaceof a QBD consistof neighboring levels,which are all alike, except for
the �rst one (level 0). The �rst level is called boundary level and all the others
repeating levels. The �rst repeating level is sometimescalled the border level as
it separatesthe boundary level from the repeating levels.

Transitions, represented by positive entries in the matrix Q, can only occur
between states of the same level or between states of neighboring levels. All
repeating levels have the same inter- and intra-level transition structure. The
state spaceof a QBD can be partitioned into an in�nite number of �nite sets
Sj ; j = f 0; 1; : : :g, each containing the statesof onelevel, such that S =

S 1
j =0 Sj .

Figure 1(a) gives a graphical representation of a QBD, where level 0 is the
boundary level and the levelsfrom level 1 onwardsare repeating levels.The inter-
level transitions canbe represented through matrices B 0;1; B 1;0; A 0; A 2, whereas
the intra-level transitions canberepresented through the matricesB 0;0; B 1;1 and
A 1 (cf. Figure 1(b)).

1 Note that M doesnot contain self loops. Residencetimes in a CTMC obey a mem-
oryless distribution, hence,self loops can be eliminated.
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Fig. 1. Regular structure of QBDs

Although QBDs are intro ducedhereat the state level, high-level formalisms,
e.g., basedon stochastic Petri nets [17] or stochastic processalgebras[7,15], do
exist.

De�nition 2. A labeled QBD Q of order (N0; N ) (with N ; N0 2 N+ ) is
a labeled in�nite-state CTMC, cf. Def. 1. The set of states is composed as
S = f 0; : : : ; N0 � 1g � f 0g [ f 0; : : : ; N � 1g � N+ , where the �rst part repre-
sents the boundary level with N0 states, and the second part the in�nite number
of repeating levels, each with N states. The block-tridiagonal generator matrix
Q consists of the following �nite matrices describing the inter- and intr a-level
transitions:

B 0;0 2 RN 0 � N 0 : intr a-level transition structure of the boundary level,
B 0;1 2 RN 0 � N : inter-level transitions from the boundary level to the border level,
B 1;0 2 RN � N 0 : inter-level transitions from the border level to the boundary level,
B 1;1 2 RN � N : intr a-level transition structure of the border level.
A 0 2 RN � N : inter-level transitions from one repeating level to the next higher

repeating level,
A 1 2 RN � N : intr a-level transitions for the repeating levels2, and
A 2 2 RN � N : inter-level transitions from one repeating level to the next lower

repeating level.

In the following we limit ourselves to strongly connected CTMCs and to so-
called level-independent atomic propositions. That is, if an atomic proposition
ap 2 AP is valid in a certain state of an arbitrary repeating level, it has to be
valid in the corresponding states of all repeating levels. This limitation poses
a true restriction on the set of formulas we are able to check. In practice, this
means that a CSL formula must not refer to the level index in order to be
level-independent.
2 Note that B 1;1 di�ers from A 1 only in the diagonal entries.



De�nition 3. Let i 2 f 0; : : : ; N � 1g. An atomic proposition ap 2 AP is level-
indep endent if and only if for all l ; k � 1; L (i; k) = L (i; l ):

An in�nite path � is a sequences0
t 0�! s1

t 1�! s2
t 2� ! : : : with, for i 2 N; si 2 S

and t i 2 R> 0 such that Q(si ; si +1 ) > 0 for all i . A �nite path � is a sequence

s0
t 0�! s1

t 1�! : : : sl � 1
t l � 1�� �! sl such that sl is absorbing3, and Q(si ; si +1 ) > 0 for

all i < l . For an in�nite path � , � [i ] = si denotesfor i 2 N the (i + 1)st state
of path � . The time spent in state si is denoted by � (� ; i ) = t i . Moreover, with
i the smallest index with t �

P i
j =0 t j , let � @t = � [i ] be the state occupied at

time t. For �nite paths � with length l + 1, � [i ] and � (� ; i ) are de�ned in the way
described above for i < l only and � (� ; l ) = 1 and � @t = sl for t >

P l � 1
j =0 t j .

PathQ (si ) is the set of all �nite and in�nite paths of the QBD Q that start
in state si and PathQ includesall (�nite and in�nite) paths of the QBD Q. The
superscript Q will be omitted whenever it is clear to which QBD the paths refer.

As for �nite CTMCs, a probabilit y measurePr on paths can be de�ned [4].
Starting from there, two di�eren t typesof state probabilities canbedistinguished
for QBDs.

The transien t state probabilit y is a time-dependent measurethat consid-
ers the QBD at an exact time instant t. The probabilit y to be in state s0 at time
instant t, given the initial state s is denoted as � Q (s; s0; t) = Pr(� 2 Path(s) j
� @t = s0). The transient probabilities are characterized by a linear system of
di�eren tial equations of in�nite size. Let � (t) be the vector of transient state
probabilities at time t for all possiblestates (we omit the superscript Q as well
as the starting state s for brevity here), we have � 0(t) = � (t) � Q, given starting
state s. Using a standard di�eren tial equation solver is di�cult since we deal
with an in�nite number of di�eren tial equations. An approach using Laplace
transforms and exploiting the tri-diagonal structure of the matrix Q has been
presented in [20], however, this approach doesnot lead to practically feasibleal-
gorithms. Instead, it is better to resort to a technique known as uniformization,
cf. [8,9]. This will be elaborated upon in Section 4.

The steady-state probabilities to be in state s0, given initial state s, are
then de�ned as � Q (s; s0) = lim t !1 � Q (s; s0; t), and indicate the probabilities
to be in somestate s0 \in the long run". If steady-state is reached, the above
mentioned derivativeswill approach zero.Furthermore, if the QBD is ergodic, the
initial state doesnot in
uence the steady-stateprobabilities (we therefore often
write � (s0) instead of � (s; s0) for brevity). Thus, the steady-state probabilit y
vector � then follows from the in�nite system of linear equations � � Q = 0,
and

P
s � s = 1 (normalization). This system of equations can be solved using

so-calledmatrix-geometric methods which exploit the repetitiv e structure in the
matrix Q [9,16]. The idea is that the steady-state probabilities are found in a
level-wise fashion, starting from the boundary and the border level. In order
to do so, one �rst has to �nd the smallest square matrix R that satis�es the
matrix-quadratic equation A 0R 2 + A 1R + A 2 = 0. E�cien t algorithms to do so
exist, cf. [14]. Then, a systemof linear equationscan be set up that involvesonly

3 A state s is called absorbing if for all s0 the rate Q(s; s0) = 0.



the steady-state probabilities of the boundary and the border level, as well as
a normalization equation with respect to thesetwo levels. This system of linear
equations can be solved with known iterativ e techniques like the Gauss-Seidel
iterativ e method. Let v0 and v1 denote the steady-stateprobabilities of the �rst
two levels, then, the matrix-geometric result [16] states that for i = 1; 2; � � � , we
have vi +1 = vi � R .

A �nal remark should be made about stabilit y. Sincea QBD has an in�nite
state space,the transition rates can be such that all probabilit y massin steady
state resides in levels that are \in�nitely far away" from level 0. This, often
undesirablesituation, can be detectedsolely on the basisof the matrices A 0; A 1

and A 2, hence,before any (expensive) computations on R start. Notice that in
such cases,computing steady-state probabilities doesnot make sense;transient
probabilities can still be computed.

3 The Logic CSL

We apply the logic CSL [4] on QBDs. Syntax and semantics are the samefor
the only di�erence that we now interpret the formulas over QBDs.

Syntax. Let p 2 [0; 1] be a real number, ./ 2 f� ; <; >; �g a comparisonoper-
ator, I � R� 0 a nonempty interval and AP a set of atomic propositions with
ap 2 AP .

De�nition 4. CSL state formulas � are de�ned by

� ::= tt j ap j : � j � ^ � j S. /p (� ) j P. /p (� );

where � is a path formula constructed by

� ::= X I � j � UI �:

The steady-state operator S. /p (� ) denotesthat the steady-state probabilit y for
a � -state meets the bound p. P. /p (� ) asserts that the probabilit y measureof
the paths satisfying � meets the bound p. The next operator X I � states that a
transition to a � -state is made at sometime instant t 2 I . The until operator
� UI 	 assertsthat 	 is satis�ed at sometime instant in the interval I and that
at all precedingtime instants � holds.

Semantics. For a CSL state formula � on a QBD Q, the satisfaction setcontains
all statesof Q that ful�ll � . The satisfaction set can be consideredas the in�nite
union of �nite level satisfaction sets: Sat(� ) = Sat0(� ) [

S 1
j =1 Sat j (� ): Sat j (� )

contains only those � -states that are situated in level j .Satisfaction is stated in
terms of a satisfaction relation j=, which is de�ned as follows.

De�nition 5. The relation j= for statesand CSL state formulas is de�ned as:

s j= tt for all s 2 S; s j= � ^ 	 i� s j= � and s j= 	 ;
s j= ap i� ap 2 L(s) s j= S. /p (� ) i� � Q (s;Sat(� )) ./ p,
s j= : � i� s 6j= � s j= P. /p (� ) i� ProbQ (s; � ) ./ p.



where � Q (s;Sat(� )) =
P

s02 Sat ( � ) � Q (s; s0), and ProbQ (s; � ) describes the prob-
ability measure of all paths � 2 Path(s) that satisfy � whenthe systemis starting
in state s, that is, ProbQ (s; � ) = Prf � 2 PathQ (s) j � j= � g:

De�nition 6. The relation j= for paths and CSL1 path formulas is de�ned as:

� j= X I � i� � [1] is de�ned and � [1] j= � and � (� ; 0) 2 I ;

� j= � UI 	 i� 9t 2 I (� @t j= 	 ^ (8t0 2 [0; t)( � @t0 j= � ))) :

4 Mo del Checking Algorithms

In order to develop a model checking algorithm for QBDs, we need to focus
on the connection between the validit y of state formulas and the special birth-
death structure of QBDs. At �rst glance,one could think that in corresponding
states of all repeating levels the same CSL formulas hold. Model checking a
QBD would then be reducible to model checking the boundary level and one
repeating level representativ e for all others. Unfortunately this is not the case,
as can be explained considering the time-bounded next and until operator. In
order to check CSL properties that contain these path formulas, we need to
examine all possible paths in a level-wise fashion. Considering time-bounded
next, note that in the border level other next-formulas might be satis�ed than
in the other repeating levels, becausethe boundary level is still reachable from
the border level but not from any other repeating level. Thus, if wewant to check
for example the formula � = X I red and the property red is only valid in the
boundary level, this property � can be ful�lled by a path starting in the border
level, but not when starting in any other repeating level. A similar reasoning
holds for the until operator, where not only the border level is concernedbut
even more repeating levels, becausewith the until operator not just one step
is considered,but potentially in�nitely many. Thus, for path-formulas no two
repeating levels can a priori be consideredthe same.

4.1 Lev el Indep endence of CSL Form ulas

Even though CSL formulas are not level independent in general, their validit y
doesnot changearbitrarily between levels. Remember that we assumelevel in-
dependenceof atomic propositions for the QBDs we consider.For CSL formulas,
we generalizethe idea of level independence:we only require that the validit y in
a state is level independent for repeating levelswith an index of at least k. Thus,
we allow the validit y of a CSL formula to changebetweencorresponding states
of repeating levels, but only up to repeating level k � 1. From level k onwards,
the validit y must remain unchanged.

De�nition 7. Let Q be a QBD of order (N0; N ). A CSL state formula � is
level independent as of level k � 1 (in QBD Q) if and only if for levels above
and including k, the validity of � in a state doesnot depend on the level, that is,

for all i 2 f 0; : : : ; N � 1g and for all l � k : (i; l ) j= � ( ) (i; k) j= �:



The following proposition states, under the assumption of level independent
atomic propositions, that such a k exists for any CSL state formula.

Prop osition 1 Let Q be a QBD with level independent atomic properties and
let � be a CSL state formula. Then there exists a k 2 N, such that � is level
independent as of level k in Q.

We will justify this proposition inductiv ely in the sectionsthat discussthe model
checking of the di�eren t typesof CSL state formulas.

For model checking a property � , we will compute the set Sat(� ) with a
recursive descent procedureover the parsetree of � . To do so, the CSL formula
� is split into its sub-formulas and for every sub-formula the model checker is
invoked recursively. For a state formula � that is level independent as of level
k, cf. De�nition 7, only the �rst k level satisfaction sets have to be computed.
Satk (� ) then acts as a representativ e for all following levels. In what follows
we discussthe required computations for one such invocation, for each of the
operators in the logic CSL.

4.2 A tomic prop ositions and logical op erators

Computing the satisfaction set for an atomic proposition ap proceedsas follows.
Sat0(ap) consistsof those states of the boundary level where ap is contained in
the labeling. We test all states in the border level in order to obtain Sat1(ap),
and, hence,Sat j (ap) for j � 1 (as per De�nition 3).

Let � be a CSL state formula that is level independent as of level k. Its
negation : � is clearly also level independent as of level k. The level satisfaction
setsof : � are computed by complementing the corresponding satisfaction set of
� :

Sat j (: � ) = Sj nSat j (� ); for all j � 0:

Let � and 	 be two CSL state formulas, level independent asof level k� and k	 ,
respectively. The conjunction � ^ 	 is level independent asof level max(k� ; k	 ).
The level satisfaction sets are computed by intersecting the corresponding sat-
isfaction setsof � and 	 :

Sat j (� ^ 	 ) = Sat j (� ) \ Sat j (	 ); for all j � 0:

4.3 Steady-state op erator

A state s satis�es S. /p (� ) if the accumulated steady state probabilit y of all � -
statesreachable from s meetsthe bound p. Sincewe assumea strongly connected
QBD, the steady-stateprobabilities are independent of the starting state. It fol-
lows that either all states satisfy a steady-state formula or none of the states
does, which implies that a steady-state formula is always level independent as
of level 1. We �rst determine the satisfaction set Sat(� ) and then compute the
accumulated steady-stateprobabilit y. If the accumulated steady-stateprobabil-
it y meetsthe bound p, we have Sat(S. /p (� )) = S, otherwise, Sat(S. /p (� )) = ? .



Exploiting the special structure of QBDs, the accumulated probabilit y is given
by

� (Sat(� )) =
X

s2 Sat ( � )

� (s) =
1X

j =0

X

s2 Sat j ( � )

vj (s);

where the vectors vj = (� � � ; vj (s); � � � ) can be computed one after the other,
using the matrix-geometric method, as discussedin Section 2.

In order to deal with the in�nite sum we iterate through the repeating levels
and accumulate the steady-state probabilities in a level-wise fashion. Denote
with ~� l (Sat(� )) the accumulated steady-stateprobabilities of all � -states up to
level l , that is,

~� l (Sat(� )) =
lX

j =0

X

s2 Sat j ( � )

vj (s):

Starting with l = 0, we iterate through the levels and compute ~� l (Sat(� )) and
~� l (Sat(: � )), respectively. The computation of the steady-state probabilities of
: � -states intro duces no additional cost, since they are computed anyway. In
every step we have to check whether we can already decideon the validit y of the
steady-state formula S. /p (� ). The following implications hold:

(a) ~� j (Sat(� )) > p ) � (Sat(� )) > p;
(b) ~� j (Sat(: � )) > 1 � p ) � (Sat(� )) < p:

As soon as one of the left hand side inequalities becomestrue, the iteration
stops. For the interpretation we distinguish the casesS<p (� ) and S>p (� ). For
S� p(� ) or S� p(� ) the equationsneedto be modi�ed accordingly. For S<p (� ) the
interpretation is as follows. If inequality (a) holds, the condition � (Sat(� )) < p
is clearly not accomplishedand Sat(S<p (� )) = ? . If inequality (b) holds, the
condition � (Sat(� )) < p is accomplishedand Sat(S<p (� )) = S. For S>p (� )
the sameconditions needto be checked in every iteration step j , but they need
to be interpreted di�eren tly . If inequality (a) holds, the probabilit y bound is
met and Sat(S>p (� )) = S. If inequality (b) holds, the bound is not met and
Sat(S>p (� )) = ? .

The satisfaction set of � might be �nite. For a CSL formula � that is level
independent as of level k, this is the casewhen no state in level k satis�es � .
The iteration then ends at level k � 1 and � (Sat(� )) = ~� k � 1(Sat(� )). In case
Sat(� ) is in�nite, the iterations stop assoon asoneof the inequalities is satis�ed.
Unfortunately , if the probabilit y p is exactly equal to the steady-stateprobabilit y
� (Sat(� )), the approximations ~� l (Sat(� )) and ~� l (Sat(: � )) will never ful�ll one
of the inequalities. In an implementation of this algorithm somecare must be
taken to detect this casein order to avoid a non-stopping iteration.

Instead of the just-sketched iterativ e process,we can also develop a closed-
form matrix expressionfor the probabilit y � (Sat(� )) by exploiting properties of
the matrix-geometric solution, i.e., by using the fact that

P
i R i = (I � R ) � 1.

In doing so, the in�nite summation disappears, however, it comesat the cost
of a required matrix inversion. In practice, this is therefore not always a more
e�cien t approach, but it avoids the stopping problem.



4.4 Time-b ounded next op erator

Recall that a state s satis�es P. /p (X I � ) if the one-stepprobabilit y to reach a
state that ful�lls � within a time in I = [a; b], outgoing from s meetsthe bound
p, that is,

s j= P. /p (X I � ) , Prf � 2 Path(s) j � j= X I � g ./ p

,

0

B
@

�
eQ(s;s ) �a � eQ(s;s ) �b

�
�

X

s 02 Sat( � )
s 06= s

Q(s; s0)
� Q(s; s)

1

C
A ./ p;

(1)

where eQ(s;s ) �a � eQ(s;s ) �b is the probabilit y of residing at s for a time in I ,
and Q(s;s 0)

� Q(s;s ) speci�es the probabilit y to step from state s to state s0. Note that
the above inequality contains a (possibly in�nite) summation over all � -states.
However, we only needto sum over the states of Sat(� ) that are reachable from
s in one step. That is, for s = (i; j ), we only have to consider the � -states from
levels j � 1; j , and j + 1. For all statesof all other levelsthe one-stepprobabilities
are zero anyway. The in�nite set Sat(� ) ruling the summation in (1) can thus
be replaced by the �nite set SatX ;( i;j ) (� ) containing only the states from level
j � 1; j; j + 1 that ful�ll � , that is,

SatX ;( i;j ) (� ) =

(
Sat0(� ) [ Sat1(� ); j = 0;
Satj � 1(� ) [ Satj (� ) [ Satj +1 (� ); otherwise.

Now, let the inner formula � of the next-formula be level independent as of
level k. Hence,the validit y of the state formula P. /p (X I � ) might be di�eren t in
corresponding states for all levels up to k � 1. Therefore, unfortunately, level k
can still have di�eren t states satisfying P. /p (X I � ) sincelevel k � 1 is reachable
in onestep. But, asof level k + 1, only levelscan be reachedwherethe validit y of
state formula � is equal for corresponding states.Hence,if � is level independent
asof level k, P. /p (X I � ) is level independent asof level k+ 1. For the construction
of the satisfaction set of such a formula, we thereforehave to compute explicitely
the satisfying states up to level k + 1. Subsequently , Satk+1 (P. /p (X I � )) can be
seenas a representativ e for all following repeating levels.

4.5 Time-b ounded un til op erator

For model checking P. /p (� UI 	 ) weadopt the generalapproach for �nite CTMCs
[4]. The idea is to usea transformed QBD whereseveral statesare madeabsorb-
ing. We focus on the casewhere I = [0; t]. The CSL path formula ' = � U[0;t ] 	
is valid if a 	 -state is reached on a path, before time t via only � -states. As
soon as a 	 -state is reached, the future behavior of the QBD is irrelevant for
the validit y of ' . Thus all 	 -states can be madeabsorbingwithout a�ecting the
satisfaction set of formula ' . On the other hand, as soon as a (: � ^ : 	 ) state
is reached, ' will be invalid, regardlessof the future evolution of the system.
As a result we may switch from checking the Markov chain Q to the Markov



chain Q[	 ][: � ^ : 	 ] = Q[: � _ 	 ], where the states satisfying the formula in
[�] are made absorbing. Model checking a formula involving the until operator
then reducesto calculating the transient probabilities � Q[: � _ 	 ](s; s0; t) for all
	 -states s0. Exploiting the special structure of QBDs yields

s j= P. /p (� U[0;t ]	 ) , ProbQ (s; � U[0;t ] 	 ) ./ p

,

0

@
1X

i =0

X

s02 Sati ( 	 )

� Q[: � _ 	 ](s; s0; t)

1

A ./ p:

Making the QBD �nite. Uniformization [8] is an often used method to
compute transient probabilities in �nite CTMCs. The continuous-time model
is transformed into a discrete-time model together with a Poissonprocesswith
rate � . The uniformization constant � must be at least equal to the maximum
absolute value of the diagonal entries of the generator Q. Since for a QBD the
matrix Q has only �nitely many di�eren t diagonal entries (originating from the
matrices B 0;0; B 1;1; and A 1), � can be determined even though Q hasan in�nite
number of entries. For an allowed numerical error " t , uniformization requires a
�nite number n of steps(state changes)to be taken into account in order to com-
pute the transient probabilities. Note that n can be computed a priori , given " t ,
� and t.

Let d � 1 be the so-called level diameter, that is, the minimum number of
state transitions that is neededto crossa completerepeating level. If n stepsare
to be taken into account, only dn

d e levels can be reached from a state in level l
in either direction.

Thus, for model checking the formula P. /p (� U[0;t ]	 ), �rst all : � _ 	 -states
have to be made absorbing. If : � _ 	 is level-independent as of level k, then,
using uniformization with n steps,we obtain the sametransient probabilities for
corresponding states as of level k + dn

d e, since only equivalent repeating levels
are seenwhen stepping through the QBD.

10level

representative

d : : : d : : : ddd

k + 1k k + d n
d e k + 2 � d n

d e

: : :

Fig. 2. Finite fraction of the QBD neededfor the transient solution.

In order to compute the transient probabilities for all states of the QBD, it
su�ces to compute them for the �rst k + dn

d e levels only. Hence, only a �nite
part of the in�nite QBD is needed.Outgoing from level k + dn

d e there must
still be the possibility to undertake dn

d e steps \to the right". The total number



of levels we have to consider therefore is k + 2 � dn
d e (cf. Figure 2). Thus, we

reducedthe task of computing transient probabilities for an in�nite QBD to the
computation of transient probabilities in a �nite CTMC.

In terpretation of the transien t probabilities. For all states in the �rst
k + dn

d e levels,we add the computed transient probabilities to reach any 	 -state
and check whether the accumulated probabilit y meetsthe bound p. When using
uniformization, the computed accumulated probabilit y

~� Q [: � _ 	 ](s;Sat(	 ); t) =
X

s02 Sat( 	 )

~� Q [: � _ 	 ](s; s0; t)

is always an underestimation of the actual probabilit y. Fortunately, we are able
to indicate a maximum error " m (depending on " t ) such that

� Q [: � _ 	 ](s;Sat(	 ); t) � ~� Q [: � _ 	 ](s;Sat(	 ); t) + " m :

The value of " m decreasesas n increases.Applying the above inequality, we
obtain the following implications:

(a) ~� Q [: � _ 	 ](s;Sat(	 ); t) > p ) � Q [: � _ 	 ](s;Sat(	 ); t) > p
(b) ~� Q [: � _ 	 ](s;Sat(	 ); t) < p � " m ) � Q [: � _ 	 ](s;Sat(	 ); t) < p

If oneof theseinequalities (a) or (b) holds, we can decidewhether the bound
< p or > p is met. For the bounds � p and � p, similar implications can be
derived. If ~� Q [: � _ 	 ](s;Sat(	 ); t) 2 [p;p � " m ], then we cannot decide whether
� Q [: � _ 	 ](s;Sat(	 ); t) meets the bound p. The number of steps n considered
whencomputing the transient probabilities via uniformization hasbeentoo small
in that case.Decreasing" t , hence,increasingn, might resolve this problem.

As already mentioned, for all levels � k + dn
d e, the transient probabilities

computed with n stepswill be the same.If we can decidewhether the bound p is
met (case(a) or (b) above), we can be sure that P. /p (� U[0;t ] 	 ) is level indepen-
dent as of level k + dn

d e. It might actually be the casethat level independence
starts at a smaller level.

If n is large enough we check for all states in levels up to k + dn
d e whether

the accumulated transient probabilit y of reaching a 	 -state meetsthe bound p.
These states form the subsequent level satisfaction sets Satj (P. /p (� U[0;t ] 	 )).
The satisfaction set for level k + dn

d e is representativ e for all following levels.
The more general casewhere I = [t1; t2] for 0 < t1 < t2 can be treated by

following the procedure given in [4]. It requires the computation of transient
probabilities in two \v ersions" of the QBD, where di�eren t states are made
absorbing. The number of levels to be consideredmust be adapted accordingly.
Details of this procedureare omitted for brevity here, but can be found in [18].

The casewhere I = [0; 1 ] can be addressedsimilarly as in the �nite-state
case,cf. [4, Corollary 1], except for the fact that it leads to a system of linear
equations of in�nite size. Given the special (QBD) structure of this system of
linear equations, it appears that also in this casea matrix-geometric solution
approach might be applicable, but this remains to be investigated.



Complexit y. For model checking the until operator we needto considerk + 2n
d

levels with N states, respectively N0 states for the boundary level. � denotes
the averagenumber of transitions originating from a single state of the QBD.
To compute the transient probabilities we require the sum of O(�t ) matrices,
each of which is the result of a matrix-matrix multiplication. This results in
an overall computational complexity of O(�t � � (N0 + kN + nN )2). Regarding
storagecomplexity, we require O(3(N0 + kN + nN )) storagefor the probabilit y
matrices and O(� (N 2

0 + N N0 + N 2)) for the transition matrix of the underlying
DTMC.

5 Case Study: a Dual-Job-Class Cyclic-Serv er System

System description. We analyzea system with two sorts of jobs, as depicted
in Figure 4. User jobs, having high priorit y, are servedaccordingto an exhaustive
scheduling strategy. Systemjobs, having low priorit y, are served with a 1-limited
scheduling strategy. In the beginning, the server always starts serving user jobs
and a systemjob can only be served after at least one user job has beenserved.
As long as there are user jobs in the queue, the server �rst serves these jobs.
Systemjobs can only be served, if all user jobs have beenserved and at least one
system job is waiting for service.If the server changesto system jobs, only one
job is served and afterwards the server polls the user jobs queueagain. We can
have an in�nite number of user jobs and at most K system jobs in the system.
We have modeled this systemas iSPN [17]; from this iSPN the underlying QBD

cyclic serv er

� 2 = 0:2

� 1 = 2

� 2 = 0:1

� 1 = 1

� � � K � � �

user jobs

system jobs

E

1L

Fig. 3. Dual-Job-Class Cyclic-Server System

is automatically generated.The order of this QBD dependson the actual value
of K ; each level of the underlying QBDs consistsof 2K + 1 states that model
the number of system jobs in the queue and the presenceof the server at the
system-job queue.The QBD for K = 1 is given in Figure 4.

Its states can be interpreted as follows: j indicates the number of user jobs
currently in the system, i = 0 meansthat a system job is being served, i = 1
meansthat no system job is waiting, and i = 2 meansthat a system job just
arrived but is not being served yet.

Steady-state prop ert y. We want to know whether the steady-state proba-
bilit y of having a full system-job queue is greater than 0.1. As CSL formula,
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Fig. 4. QBD of the Dual-Job-Class Cyclic-Server System

this property can be stated as S> 0:1(QSysfull ), where QSysfull is the atomic
proposition that is valid in all states where the system-job queueis full.

For any K , every level contains exactly two states satisfying atomic propo-
sition QSysfull , being the state with K system jobs present (queued), and with
the server active with either a systemjob or a user job. In caseof K = 1, we see
in Figure 4 that these are the states (0; �) and (2; �). Hence,Sat(QSysfull ) has
in�nite size.For K < 11, Sat(S> 0:1(QSysfull )) = S, thus, the formula holds in
all states. For K � 11, Sat(S> 0:1(QSysfull )) = ? .

Figure 5 shows the number of iterations (as discussedin Section4.3), needed
to verify the property, depending on the system parameter K . If the actual
steady-state probabilit y of QSysfull -states comescloseto the given bound 0:1,
more iterations are needed.This explains the peak at K = 11. Figure 5 also
gives the computation time for di�eren t K . Note that the smaller number of
iterations for K > 11 does not lead to a smaller computation time, since more
time is neededper iteration (as the matrices becomelarger).

Time-b ounded un til prop ert y. As systemjobs have a low priorit y compared
to the user jobs, we would like to know for which statesof the QBD the probabil-
it y of the system-jobqueueto becomeempty in a certain time interval is greater
than 0.1. Stated in CSL, we analyze � = P> 0:1(: QSysEmptyU[0;t ]QSysEmpty).

For K = 1 the formula � can be interpreted as follows: Is the probabilit y
greater than 0.1 that a waiting system job is served in a certain time interval?
For a time interval I = [0; 2], a given error " = 10� 7, uniformization considers23
steps.As � is level-independent as of level 1 and we have a level-diameter of 1,
level 24 can serve as a representativ e for the higher repeating levels. Analyzing
the resulting satisfaction set Sat(P> 0:1(: QSysEmptyU[0;2]QSysEmpty)) shows the
following.

All states with �rst index i = 1 are trivially included in the satisfaction set,
becauseQSysEmpty is already valid in these states. States with �rst index i = 0
are included as they model a situation in the systemwhere the server is serving
a system job. Hence, for those states the probabilit y for the system job to be
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Fig. 5. Number of iterations and computation time required for checking
S> 0:1(QSysfull ), as a function of the maximum number of system jobs K .

served in time interval [0; 2] is greater than 0:1. If the systemjob just arrived in
the queue(i = 2), model checking shows that the probabilit y for this job to be
served in time is only greater than 0.1 if lessthan three user jobs are waiting for
service.

For the computation of the satisfaction sets,wehave to dealwith state spaces
of the size(2K + 1)� (2n+ 2). The left-hand term accounts for the sizeof onelevel
and the right-hand term for the number of levels consideredby uniformization.
n gives the number of steps which is consideredby uniformization, depending
on the error " t . In Figure 6 the computation time is depicted for di�eren t time
intervals. For larger time intervals the state spacegrows asuniformization needs
to considermore stepswhich results in larger computation times.

 1×104

 5×103

 2×103

 1×103

 128 64 32 16 8 4

se
c

K

[0,1]
[0,2]
[0,3]
[0,5]
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6 Conclusions

In this paper we have presented model-checking algorithms for checking CSL
properties against in�nite-state CTMCs, in particular for QBDs. The model
checking algorithms make extensive use of uniformization for transient anal-
ysis (for time-bounded until) and matrix-geometric methods for determining
steady-state probabilities (for the steady-state operator). The model checking
algorithms as presented are new. Our approach to analyze the transient state
probabilities of in�nite-state CTMC is also new. We have shown the feasibility
of the model checking algorithms by a casestudy.

We are aware of the fact that when checking nestedformulas, the number of
levels that have level-dependent properties grows, which makes the algorithms
lesse�cien t. On the other hand, practice revealsthat the nesting depth of logical
expressionsto be checked is typically small [6], so that this is not so much of a
disadvantage after all.

At various points, the presented algorithms can be made more e�cien t. For
instance, for checking time-boundeduntil we have intro ducedthe notion of level
diameter. In practice, there might be two di�eren t diameters, depending on the
direction of crossing a level (to higher or to lower levels). Exploiting this fact
might lead to smaller �nite-state Markov chains to be considered.

We also required the QBD under study to be strongly connected, in order
to make use of the fact that the steady-state probabilities do not depend on
the starting state. It is left for further investigation how the model checking
algorithms have to be adapted to account for non-strongly connectedQBDs.

By restricting ourselves to level-independent formulas, we restrict the set
of CSL formulas that can be checked. For model checking level-dependent CSL
formulas new model checking algorithms will be needed,since in that casewe
cannot exploit the level-independent QBD structure to cut the in�nite set of
states.

We note that there has been done a substantial amount of work on model
checking in�nite-state systems,e.g., on regular model checking [1] and proba-
bilistic lossychannel systems[19], however, not in the context of continuous-time
Markov chains, aswe have presented here. It remains to be investigatedwhether
and how we can exploit theseresults in our context.

Finally, we need to complete our work on the tool chain for specifying and
model checking in�nite-state systems,and possibly will integrate it into other
model checking tools for CTMCs. First details on this, and on many of the other
issuesaddressedin this paper, can be found in the recently completed diploma
thesis [18].
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